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List of Relationships and Formulas

1. sin(a+ B) = sinacos B + cos asin 3
2. cos(a+ ) = cosacos  — sinasin 3
_ tana4tanpf
3. tan(a+5) T l-tanatanf
4. sin(a — ) = sinacos 8 — cos asin 8
5. cos(a — ) = cosacos B + sinasin 3
_ ¢t —tan g
6. tan(a - B) - 1irtla?1a‘?;nﬁ
. _ . _ 2t
7. sin2a = 2sinacosa = Ht‘;ﬁf‘a
8. cos2a =cos?a —sina=2cos?2a—1=1-2sin’a = L_ngzg
_ 2%
9. tan2a = ;50—
10. sin3a = 3sina — 4sin® o
11. cos3a = 4cos® a — 3cosa
. o 1—
12. sin§ =+ TR
_ 14cos
13. cosg =+ T
_ 1— _ _si _ 1=
14. tan 5 = £y /17000 = Treosa = sna
. 2tan
15. sinf = 1+tan22g
1—tan® £
16. cosf = 1+tan2§
2tan ¢
17. tand = 17tan22%
. . B . a+p a—B
18. sina + sin 8 = 2sin 5= cos 5=
19. sina — sin 8 = 2 cos 5= sin “5~
— a+p a—p
20. cos a + cos 3 = 2 cos “5= cos S5
9 oHB o a8
21. cosa — cos B = —2sin %57 sin 55
22. sinacos B = 1[sin(a + B) + sin(a — B)]
23. cosasinf = {[sin(a + B8) — sin(a — B)]
24. cosacos B = L[cos(a + B) + cos(a — B)]
25. sinasin B = —1[cos(a + B) — cos(a — B)]
26. sin®a = 1(1 — cos2a)

27.

1
2
cos® a = (1 + cos 2a)




Trigonometric Identities Enoch Yu

2 Angle Sum Relationships

2.1 List of Relationships

sin(a 4+ ) = sinacos 8 + cos asin 8
cos(a+ B) = cosacos B — sin asin 8
tan o + tan g3

t = - =
an(a + 8) 1 —tanatanf

2.2 Relationship for sin(a + 5)

sin(a + ) = sinacos B + cos asin 8

Proof. Consider the diagram below.

C

It is evident that h = acosa = bcos 8 because cos @ = %

the following equation is true.

and cos 8 = %' Using the area formula of triangle,

1 1 1
iab sin(a+ B) = iah sina + ibh sin 3
h could be replaced with bcos 8 and a cos a respectively.
1 1 1
iab sinfa+ ) = iab cos Bsina + iba cos asin 8

By multiplying both sides by two and dividing by ab (because ab # 0), the following relationship may be
obtained. Moreover, despite the fact that the current proof is not feasible for the case where ab = 0, the
relationship appears to be true for ab = 0 also.

cosin(a + B) = sinacos 8 + cos asin 8

2.3 Relationship for cos(a + )

cos(a+ ) = cosacos f — sin asin 8

Proof. Let a = 5 +7. a could be substituted for sin(a+ ) = sin acos f+cos asin 3. The following equation
is obtained. - - -
sin(§ +v408) = sin(§ +7)cos B+ 005(5 +7)sin 8

Using the properties of trigonometric functions, sin(3 + ) = cos~y and cos(§ 4 ) = —sin~ are true.
sin(g +v)cos S+ cos(g +7)sin 8 = cosycos 8 — sinysin 8

In another words, sin(5 +v+ ) = cos(—y — 3) = cos(y + 3) = cosy cos § —sinysin 3 is true. The equation
could be rewritten by changing the variables to adhere to convention in using variables:

s.cos(a+ ) = cosacos f — sin asin f.
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2.4 Relationship for tan(a + )

tan o 4 tan 8
t = 7
an(a + §) 1 —tanatan 3

Proof. tan(a + ) could be rewritten as Z;’;((Zig))

cosasin 8 and cos(a + ) = cosacos 8 — sin asin 8, it is evident that

by definition. Moreover, because sin(a + 3) = sinacos 5 +

sin(a + ) _ sinacos 4+ cosasin 8

cos(a+ ) cosacos 3 —sinasin 3

is true. cos a cos 3 could be factored from both the numerator and the denominator.

sinacos B+ cosasin (COS@COSB)(%{;Z + iif;g)

cosacos 3 —sinasinf  (cosacosB)(1 — %)

The terms may be organized with different forms.

(cosacos B) (52 + 5535)  tana + tan g
sinasinf8y\ 1 _
(cosacos B)(1 — Shaeoss) 1 —tanatan
Therefore, the following expression is true.
tan a 4 tan 8
t =
an(a + 5) 1 —tanatan g
O
3 Angle Difference Relationships
3.1 List of Relationships
sin(a — ) = sina cos 8 — cos asin 3
cos(a — ) = cosacos B + sin asin 3
tan a — tan 8
tan(o — ) = ———
anfa - §) 1+ tanatan
3.2 Relationship for sin(a — f3)
sin(a — ) = sinacos 8 — cos asin 8
Proof. The equation sin(a 4 8) = sin acos 8 + cos asin 8 is proven to be true.
Substitute —b instead of b to obtain sin(a — ) = sin a.cos(—f) + cos asin(—F) = sin acos f — cosasin 3.
c.sin(a — B) = sinacos 8 — cos asin 8
O
3.3 Relationship for cos(a — f)
cos(a — ) = cosaccos 8 + sin asin
Proof. cos(a+ B) = cosacos § — sinasin f is proven to be true.
Substitute —b instead of b to obtain cos(a — 8) = cos acos(—3) — sin asin(—8) = cos acos 5 + sin asin .
. cos(a — ) = cosacos B + sinasin 8
O
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3.4 Relationship for tan(a — )

tan o — tan 3
t —f)=———"
an(a — §) 1+ tanatan 3

Proof. tan(a+ p) = % is proven to be true.
tan a+tan(—B) _ tana—tanf

Substitute —b instead of b to obtain tan(a — 8) = T—tanatan(—f) = Tttanctanf"

tan o — tan 8

ctan(a— f) = ——————
an(a — f) 1+ tanatan g8
O
4 Double Angle Relationships
4.1 List of Relationships
sin 2a = 2sin wcos «
_ 2tanca
~ 1+tan’a
cos 200 = cos? o — sin? a
=2cos’a—1
=1-2sin’a
11— tan? o
~ 1+tan?a
2tan o
tan 200 = ————
1 —tan® «
4.2 Relationship for sin 2«
sin 2o = 2sinacos o
Proof. Substitute « instead of 8 in the proven equation: sin(a + 8) = sin «cos 8 + cos asin 3.
sin(a + a) = sina cos a + cos asin «
Therefore, the following equation is true.
sin 2a = 2sinacos «
O
. 2tan a
sin2a¢ = ———
1+ tan“ «

Proof. tan2a could be rewritten to use the formulas that would later be proven.

sin(2«) 2 tan «
tan2a = = 5
cos(2a) 1 —tan®«
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cos 2a. could be multiplied to both sides.

. 2tan« 2tan« 1 —tan? &
sin2a = ———— - cos 2o = 5 - 5
1 —tan“a 1—-tan*a 1-+tan® o
The following equation is resulted.
. 2tan o
sin2a = ———
1 4 tan® «
O
4.3 Relationship for cos2a
cos 2a = cos® o — sin? «
=2cos’a —1
=1-2sin?w
Proof. Substitute « instead of 8 in the proven equation: cos(a + ) = cos acos 8 — sin asin 3.
cos(a + a) = cos arcos @ — sin e sin «
Therefore, the following equation is true.
cos 20 = cos? o — sin® «
Using Pythagorean Trigonometric Identity, the equation could be further modified.
cos2a = cos’a —sin?a = 2cos’a — 1 =1 — 2sin’ «
O
1 —tan?
cos200 = ———5—
1+ tan“ o

2 2

Proof. Tt is evident that cos(2a) = cos? a — sin® « is true. The equation could be modified to factor cos? a

from both numerator and denominator.

2 2

cos2a = cos” o — sin” «

cos? a — sin® «

1
cos? a — sin® «
cos? a + sin® «

2
B (cos? a)(1 — s )

(cos? a)(1 4 o)

cos?

- 1 — tan? «
1+ tan?a

1 — tan? «

;. cos2a = —
1+ tan® «
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4.4 Relationship for tan 2«

2tan o
tan 200 = ———
1 —tan® «

tan a+tan 8
l1—tanatan 3"

Proof. Substitute « instead of 8 in the proven equation: tan(a + 8) =

¢ ( n ) tan o + tan o
anla+a) = ——
1 —tanatan o

Therefore, the following equation is true.

2tan o
tan 20 = ————
1 —tan® «

5 Triple Angle Formulas

5.1 List of Formulas

sin3a = 3sina — 4sin’® a

cos3a = 4cos® a — 3cosa

Addition and double angle formulas may be utilized to derive triple angle formulas.

5.2 Formula for sin 3«

sin3a = 3sina — 4sin® «

Proof. sin3a may be rewritten as sin(2a + «). sin(2a + o) = sin(2a) cos a + cos(2a) sinax could be ob-
tained by using addition relationship. The expression could be further modified through using double angle
relationship.

sin(2a) cos o + cos(2a) sina = 2sin o cos? o 4 (cos? o — sin? @) sin

2 2

2sin avcos? a + (cos? a — sin? @) sina = 3sin avcos? o — sin® o could be obtained through rearrangement of
terms. Pythagorean trigonometric identities could be utilized to further simplify the equation by using only
sin av.

2 3 3

3sinacos? a — sin® @ = 3sin a(1 — sin® @) — sin® a

=3sina —4sin®a
Therefore, the following equation is true.

sin3a = 3sina — 4sin® o

5.3 Formula for cos 3«

cos3a = 4cos® a — 3cosa

Proof. cosa may be rewritten as cos(2a + a). cos(2a + ) = cos(2a) cosa + sin(2a) sina could be ob-
tained by using addition relationship. The expression could be further modified through using double angle
relationship.

cos(2a) cos o + sin(2a) sin a = (cos? o — sin? ) cos o — 2sin? avcos a
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Pythagorean trigonometric identities could be utilized to further simplify the equation by using only cos «.

(cos? o — sin® @) cos o — 2sin® acos a = (2cos? a — 1) cos o — 2 cos a(1 — cos?)

= 4cos® o — 3cosa
Therefore, the following equation is true.

cos3a = 4cos® a — 3cosa

O
6 Half Angle Relationships
6.1 List of Relationships
1—
sin & + S csa
2 2
o 1+ cosa
o
cos 5 1/ 5
o 1—cosa
tan = = 44/ ————
a 2 1+ cosa
_ sina
14 cosa
_ l—cosa
~ sina
. 2tan g
sinf = 7
1 + tan? 3
1 — tan? g
cosf = X
1 + tan 5
2tan g
tanf = X
1 —tan 3
6.2 Relationship for sin §
1 _ 1
blng =44/ S osa
2 2
Proof. § could be substituted instead of o in the proven equation: sina = 3(1 — cos2a). sin? g =
1(1 = cos ) could be driven.
1
sin S = 4y /=22
2 2
O

6.3 Relationship for cos §
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Proof. 5 could be substituted instead of « in the proven equation: cos’a = %(1 + cos2a). cos? g =
£(1 + cos @) could be driven.
o 1+ cosa
—_ = i _—
cos 5 1/ 5
O

6.4 Relationship for tan §

o 1 —cosa
tan — = 4/ ———
2 1+ cosa
sin o
1+ cosa

1 —cosa
sin o

1— (‘oﬂ(x

in &
Sln2

Proof. tan § could be rewritten as cos & which is equal to +¥—2— \/W The equation could be further
modified.

l—cosa . 9 .
n 2 /1 —cosa (1 —cosa)(1l+ cosa) _ 4 sin“a sina
/1+cow 1+cosa (1+cosa)(l+cosa) (14+cosa)? 1+cosa
[1—cosa (1 = cosa)( 1—00504)_i (1—-cosa)? 1—cosa
1+cosa (14 cosa)(l —cosa) sinfa sina

Therefore, the following relationships are true.

o 1 —cosa
tan — = &4/ ———
2 1+ cosa

sin o

1+ cosa
1 —cosa

sin «v

6.5 Relationship for sinf
sinf =

2tan o

Trtanza substitute « for 2a.

Proof. From the double angle relationship sin(2«) =

10
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6.6 Relationship for cos6

1 — tan? g
cost) = ——=
1+ tan® 5
Proof. From the double angle relationship cos(2a) = }122223, substitute « for 2a.
1 — tan? g
ccost) = ——=
1 + tan bl
O
6.7 Relationship for tand
2tan %
tant = ———=—
1 —tan® 3
Proof. From the double angle relationship tan(2«) = 1322’;2“&, substitute a for 2a.
2tan ¢
tanf = g 7
1 —tan” 3
O

7 Function Sum and Difference Relationships

7.1 List of Relationships

sina+sinﬂ:251na;6cosagﬂ
sina—sinﬂ:Qcosa;Bsina;B
cosa+cos/8:2cosagﬂcosa;5

. a+B . a-4
cosa — cos 8 = —2sin sin 5

Letaz#andﬁ:%. a+ B =xand a — f =y could be derived.

7.2 Relationship for sina + sin

Proof. From sinx + siny = sin(a + 8) + sin(a — ), angle sum and difference relationship could be utilized.

sin(a + ) + sin(a — ) = (sinacos B + cos asin 3) + (sin a cos § — cos asin )
= 2sinacos 8
r—=y
2

. Y
= 2sin cos

Therefore, the following expression is true.

. . . Ty
sinx + siny = 2sin

(¢0)]

11
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7.3 Relationship for sina — sin 3
Proof. From sinz — siny = sin(a + ) — sin(a — ), angle sum and difference relationship could be utilized.

sin(a + 8) — sin(a — ) = (sinacos 8 + cos asin 3) — (sin «cos § — cos asin 3)
= 2cosasin 8

+y . x—y
s ———
2

T
= 2cos

Therefore, the following expression is true.

r+y . rT—yY
sin 5

sinz —siny = 2 cos

7.4 Relationship for cosa + cos 8
Proof. From cosz + cosy = cos(a+ ) 4 cos(a — ), angle sum and difference relationship could be utilized.

cos(a + ) + cos(ar — ) = (cosaccos B — sin asin ) + (cos acos 5 + sin asin 3)
= 2cosacos 3

z+yCOSx—y

=2
coS 5 5

Therefore, the following expression is true.

x
cosz + cosy = 2cos

7.5 Relationship for cosa — cos 3
Proof. From cosz — cosy = cos(a+ ) + cos(a — ), angle sum and difference relationship could be utilized.

cos(a + ) — cos(a — ) = (cosaccos 8 — sin asin B) — (cos wcos B + sin asin 3)
= —2sinasin

+y . x—y

.
= —2sin sin
2

Therefore, the following expression is true.

rT—Yy
n
2

cosT —cosy = —2sin z
8 Function Product Relationships

8.1 List of Relationships

sinacos 3 = %[sin(a + B) + sin(a — )]
cosasin B = %[Sin(a + B3) — sin(a — B)]
cosacos 3 = %[cos(a + f8) + cos(a — )]

sinasin 8 = —%[cos(a + ) — cos(a — f3)]

12
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Function sum and difference relationships may be utilized to prove the function product relationships.

Letaz%amdﬁz%. a+ =z and a — =y could be derived.

8.2 Relationship for sin o cos 3

Proof. Tt is evident that the following equation is true.

x T —
sinx + siny = 2sin ycos 2y
The equation may be reorganized in terms of o and .
. . . T+ T —
sinx + siny = 2sin ycos 5 Y

sin(a + ) + sin(a — 8) = 2sina.cos 8

c.sinacos 8 = %[sin(a + ) + sin(a — )]

O
8.3 Relationship for cosasin
Proof. Tt is evident that the following equation is true.
. . Ty . Ty
sinz — siny = 2 cos sin —
The equation may be reorganized in terms of a and .
. . Ty . T—Y
sinz — siny = 2 cos sin
2 2
sin(a + ) — sin(a — ) = 2cosasin g
1
c.cosasin f = §[sin(a + B) —sin(a — )]
O
8.4 Relationship for cosacos
Proof. Tt is evident that the following equation is true.
cosx+cosy:2cosx cos 2 Y
2 2
The equation may be reorganized in terms of a and .
cos T + cosy = 2cos ; cos = ; L
cos(a + B) + cos(aw — B) = 2cosaccos
1
c.cosacosff = i[cos(a + ) + cos(a — B)]
O

8.5 Relationship for sin asin g
Proof. Tt is evident that the following equation is true.

+y . r—y
Sin
2

.z
cosT — cosy = —2sin

13
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The equation may be reorganized in terms of o and .

.ty . T—y
COS{L‘—COS:y:2SIH Sin B)

cos(a + ) — cos(a — ) = 2sinasin 8

c.sinasin f = %[cos(a + B) — cos(a — B)]

9 Power Reduction Formulas

9.1 List of Formulas

1
sin®“ o = 5(1 — cos 2a)

cos®a = =(1 + cos2a)

5

9.2 Formula for sin’«

Proof. Because cos(2a) =1 — 2sin” av is proven to be true, the equation could be rearranged to reduce the
power for sin® a.

2

1
cosint a = 5(1 — cos2a)

9.3 Formula for cos?

Proof. Because cos(2a) = 2cos? a — 1 is proven to be true, the equation could be rearranged to reduce the
power for cos? a.

2

1
cosin® a = = (1 4 cos 2a)

5

10 Example

10.1 Example I: Compute cos10° - cos 30° - cos 50° - cos 70°.

Solution Using function product relationship and known trigonometric identity, the equation could be

14



Trigonometric Identities

Enoch Yu

rewritten.

1
cos 10° - cos 30° - cos 50° - cos 70° = cos 10° - '3 [cos 50° - cos 70°]

| Sl S

= cos 10° -

V3

=~ cos 10° - [cos 120° + cos 20°]

V3

1
7 cos 10° - [—§ + c0s20°)

V3 V3

=—3 cos 10° + T cos 10° cos 20°

V3 V3

1
—_ Q 1 o - . _ o 1 o
= 3 cos 10° + 1 2 [COS 30° 4+ cos 10 ]

V3 o V3 1.3 o
—7?COS].O +T'§[7+C0810]
:—écosloc’—%i—kﬁcosloo

8 16 8
|2
|16
10.2 Example II: Compute sin 18°.
Solution Let x = 18°
5x = 90°
2x 4+ 3x = 90°
2z =90° — 3z

Therefore, sin 2z = sin(90° — 3z) = cos 3z. In another terms, the following is true.
2sinz cosz = 4cos® & — 3cos
Because cos x is not zero, the following could be yielded.

2sinz = 4cos’z — 3
2sinz = 4(1 —sin®z) — 3

4sinz + 2sinz —1 =0
Let y = sinz. Therefore, 4y% +2y — 1 = 0.

—1++5
y=—0

However, y = _1%‘/5 because sin 18° is greater than zero.

~-1+V5

o.8in18° =
sin 1

15

1
- 3leos(50° + 70°) + cos(50° — 70°)]



