
Enoch Yu

Problem

Find all pairs of integers (x, y) that satisfy the equation 2(x2 + y2) + x+ y = 5xy.

Solution

GENERAL RULE OF THUMB:

x2,y2,x,y ⇒ (
::

x+
::

)2 + (
::
y +

::
)2 = 0

x2,y2,xy,x ⇒ (
::

x+
::

y +
::

)2 + (
::
x+

::
)2

x2,y2,xy,y ⇒ (
::

x+
::

y +
::

)2 + (
::
y +

::
)2

x2,y2,xy,x,y ⇒ (
::

x+
::

y +
::

)2 + (
::
x+

::
y +

::
)2

We have x2, y2, x, y, and xy. Therefore, it is likely that the expression will be factored in the form of
(ax+ by + c)(ax′ + by′ + c′).

(2x+?y+?)(x+?2y+?) =?

(2x+?y − 1)(x+?2y + 1) = −1

(2x− y − 1)(x− 2y + 1) = −1

Therefore, 2x − y − 1 = 1 and x − 2y + 1 = −1 or 2x − y − 1 = −1 and x − 2y + 1 = 1. With a sheet of

paper and time, the pairs of integers (x, y) appears to be (0, 0) and (2, 2) .

Problem

Find all triples (a, b, c) of real numbers such that

√
a+ 8b+ 4

√
b+ 8c+

√
c+ 8a = 9

(
a+ b+ c

2
+ 1

)
.

Solution

Triggers

• The coefficients 1, 4, 1, 9 are square numbers

• (a+ 8b) + (b+ 8c) + (c+ 8a) = 9a+ 9b+ 9c

Let x =
√
a+ 8b, b =

√
b+ 8c, and z =

√
c+ 8a to forcibly utilize our triggers

x+ 4y + z =
x2 + y2 + z2

2
+ 9

2x+ 8y + 2z = x2 + y2 + z2 + 18

(x− 1)2 + (y − 4)2 + (z − 1)2 = 0

Notice that x = 1, y = 4, and z = 1 because 9
(
a+b+c

2 + 1
)
is a real number.

a+ 8b = 1 c− 7b = 1

b+ 8c = 16 56c+ 7b = 112

c+ 8a = 1 c =
113

57
, b =

8

57
, a = − 7

57
a+ b+ c = 2

Therefore,

(
− 7

57
,
8

57
,
113

57

)
is the possible ordered triple.



Enoch Yu

Problem

Evaluate (sin 1◦)(sin 3◦)(sin 5◦) · · · (sin 177◦)(sin 179◦).

Solution First and foremost, using the product identity will lead to terms with even degrees. However, if
you actually try, it is impossible to cancel out terms with even degrees once we get there. Therefore, to add
terms with even degrees in the denominator, let’s modify our equation.

(sin 1◦ sin 3◦ sin 5◦ · · · sin 177◦ sin 179◦)(sin 2◦ sin 4◦ sin 6◦ · · · sin 178◦)
sin 2◦ sin 4◦ sin 6◦ · · · sin 178◦

In order to avoid summation of terms in cos, the double angle formula could be utilized.

sin 1◦ sin 3◦ sin 5◦ · · · sin 177◦ sin 179◦ = (sin 1◦ sin 89◦)(sin 3◦ sin 87◦) · · · (sin 43◦ sin 47◦) sin 45◦

(sin 91◦ sin 179◦)(sin 93◦ sin 177◦) · · · (sin 133◦ sin 137◦) sin 135◦

= (sin 1◦ cos 1◦)(sin 3◦ cos 3◦) · · · (sin 43◦ cos 43◦) 1√
2

(sin 89◦ cos 89◦)(sin 87◦ sin 87◦) · · · (sin 47◦ sin 47◦) 1√
2

=
1

2
sin 2◦ · 1

2
sin 6◦ · · · 1

2
sin 86◦ · 1

2
· 1
2
sin 94◦ · · · 1

2
sin 178◦

sin 2◦ sin 4◦ sin 6◦ · · · sin 178◦ = (sin 2◦ sin 88◦)(sin 4◦ sin 86◦) · · · (sin 44◦ sin 46◦)
(sin 92◦ sin 178◦)(sin 94◦ sin 176◦) · · · (sin 134◦ sin 136◦)

= (sin 2◦ cos 2◦)(sin 4◦ cos 4◦) · · · (sin 44◦ cos 44◦)
(sin 88◦ cos 88◦)(sin 86◦ sin 86◦) · · · (sin 46◦ sin 46◦)

=
1

2
sin 4◦ · 1

2
sin 8◦ · · · 1

2
sin 176◦

Therefore, the terms with even terms can cancel out.

(sin 1◦ sin 3◦ sin 5◦ · · · sin 177◦ sin 179◦)(sin 2◦ sin 4◦ sin 6◦ · · · sin 178◦)
sin 2◦ sin 4◦ sin 6◦ · · · sin 178◦

=
( 12 sin 2

◦ · 1
2 sin 6

◦ · · · 1
2 sin 90

◦ · · · 1
2 sin 178

◦)( 12 sin 4
◦ · 1

2 sin 8
◦ · · · 1

2 sin 176
◦)

sin 2◦ sin 4◦ sin 6◦ · · · sin 178◦

=
1

289


