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Problem

The sequence {a, } satisfies ap = 0 and a1 = 7an + 2 \/4" —a,? for n > 0. Find ajg.

Solution

Key Word acosz + bsinz = R cos(x — a) where R = va? 4+ b? and tana = Q , Trigonometric Identities

Let b,, = %, bnt1 = 2n+17 and b = 4" . Therefore, the following equations are true.
2t b = % 2”-bn+§\/4n—4n~bn2
21 = % bn+g\/1—bn2
b1 = §~bn+§\/1—bn2

Lemma. Vi€ Z,a; € R.

Proof. Inductive steps may lead to the complete proof of the lemma.

Base Case

6

ag = 0 is given by the problem. Through substitution, it could be inferred that a; = 2, which is a real

number. Thus, the base case holds true.

Inductive Steps

Hypothesis. Ifa,11 = %an + g\/4” — an? is a real number, then a,o =

a real number.

Proof.

8 6
Ap42 = gan+1 + g V 4ntl — an+12

57

%anH + g\/4”+1 — ant1? 18 also

5 5

:8< an + - \/7> \/4n+1 (8an+

6 2
3 4” — a/n2>

Because the first term is always real, only the second term could be investigated.

5

The sign of the expression inside the square root could be checked.

2
4n+1 _ <8an + §1 /4qn — an2>
64
= 4n+1 — ( 2 *an \/ +

25" 25

64 28 96
— Cyn =22
25 25" 25

From the hypothesis, the range for a,, could be found.

an\/ 4" — an2

-2"<a, <2
Let a, =z and 2" = y.

2
6\/4"+1 - (ian + 2\/4" - an2>

2))

64 5, 28 96
= —y?— —a?— —x\y2 — 22 where —y<az<y

25 25 25

= 16y% — T2% — 24a+\/y? — 22
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Notice that —1 < £ < 1. Therefore, let % =sin @ for -5 < 0 < 5. In other words, z = ysin 6

y
16y% — T(ysin0)? — 24(ysin 0)1/y? — (ysin )2
= 16y> — 7(ysin)? — 24(ysin 0)1/y% — (ysin )2
= 16> — Ty sin® § — 24y? sin A cos 6
= y*(16 — Tsin?  — 24sin 6 cos 0)

= 16 — 7sin? 6 — 24sin 0 cos
=16 — Tsin? 0 — 12sin 26

— 16— %COSQG — 12sin26
2 20
:§5+7C°28 125026 (—7 < 20 < 7)

Use the fact that acosz + bsinz = Rcos(z — o) where R = Va2 + b% and tana = £ could be utilized.

25  Tcos260
— +

3 5 — 12sin 26
25 49
= — — + 144 20 —
5 + ( 1 + )cos( 0 — )
25 25
=4+ = —a)>
5 + 5 cos(20 — ) > 0
O
Therefore, by induction, a; and b; must be real number for all whole numbers 3. O]

Because the fact that —1 <b,, < 1 is proven, let b,, = sin#,,.

4 3
sinf,11 = R sin@,, + 3| cos 0, |

= cos asin B, + sin | cos B,,| (Where « is the smaller angle in 3-4-5 right triangle.)
From the problem, it is evident that 6y = 0°.

l.cos, >0 = byy1 =sinb,11 =sin(a+6,)
2.co80, <0 = byi1 =sinb,41 =sin(a —6,)

b; could further be calculated.

by = sin0° 0y = 0°

by =sin« 01 =«

by = sin 2« 0 = 2

bs = sin 3« 63 = 3a = cos3a =4cos® a — 3cosa < 0
by = sin(—2a) 0y = -2«

bs = sin(—«) 05 = —«

be = sin0° O = 0°

b10 = sin(72a) 910 = 2«
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an

Because b, = 5, the case where n = 10 could be investigated.

aio
o =50

aio = big - 2'°
a1 = sin(—2a) - 21°
= —29gin 2

=20 2¢inacosa

:_210.2.§.é
5 5
[ 24576
o 25
O]
Problem
Show that if z 4+ y 4+ 2z = zyz, then 2% + 132’/2 + 2 = 2 13?22 1.

Proof. The form 13“;2 looks familiar. Therefore, let x = tan«, y = tan 5, and z = tan~y.

tan a + tan 8 + tany = tan o tan S tan «y

tan(o+ 8 + ) = tan « + tan 8 4 tany — tan atan 5 tany —0
1 — (tan atan 8 + tan B tany + tany tan «)

However, notice that @ + 8 + v = kr for some integer k since tan(a + 5 + ) = 0. In other words,
tan(2a + 28 + 2v) = 0.

tan(2a +20+2v) =0

tan 2« + tan 28 + tan 2y — tan 2« tan 28 tan 2y
1 — (tan 2 tan 23 + tan 20 tan 2 + tan 2 tan 2a)

tan2a + tan 25 + tan 2y — tan 2atan 28 tan2y = 0
tan 2a + tan 28 + tan 2y = tan 2a tan 25 tan 2y

2tan o 2tan 3 2tany  2tana 2tan 3 2tan~y
1—tan’a 1—tan?f 1—tan?y 1—tan’a 1—tan?3 1—tan’~y

_2m+2y+2z_2m 2y 2z
Tl 1—gy2  1—22 1-—22 1-—y2 1-—22
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2000 AIME II Problem 15

Find the least positive integer n such that

1 1 1 1

snd5°sind6° | snd7osndse T sm133°sin134°  smne

Solution
Key Word Conjecture and Proof

First, multiply sinn® on both sides.

sin n° _ sin(k+n—k)°
sinmesin(m +1)°  sinm® sin(m + 1)°
sin(k 4+ n)° cos k° — sin k° cos(k + n)°

sin m° sin(m + 1)°

Let k = m since k is could be any number.

o

sin(k +n
sin m® sin

)°cosk®  sink®cos(k +n)°
(

m+1)°  sinmPsin(m + 1)°

m+1)°  sinm®sin(m + 1)°

sin(m +n)° cosm®  sinm® cos(m + n)°
sin m?° sin(

Lemma. n is equal to 1.
Proof.

sin(m + 1)° cosm®  sinm® cos(m + 1)°

sinm®sin(m +1)°  sinm?® sin(m + 1)°

cosm®  cos(m+1)°

sinm®  sin(m + 1)°
= cot m® — cot(m + 1)°
The sum of all numbers could be written. Moreover, notice that cot a4 cot 8 =0 if o + 5 = 180°.

cot 45° — cot 46° 4 cot 47° — cot 48° + - - - — cot 132° + cot 133° — cot 134°
= (cot 45° + cot 47° + - - - + cot 89° 4 cot 91° + - - - + cot 133°)
— (cot 46° + - - - + cot 88° 4 cot 90° + cot 92° + - - - 4 cot 134°)
= cot 45° — cot 90°
=1

Because 1 = 1, the lemma is true. O

n could be 1. Moreover, there are no smaller positive integer less than 1 to test. Thus, the least positive
integer n that satisfies the given condition is . O

Uploaded a new solution in AOPS!!


https://artofproblemsolving.com/wiki/index.php/2000_AIME_II_Problems/Problem_15#Solution_4
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Problem

Prove that >, _, arctan 5 2 = arctan 7.

Proof. Because inverse trigonometric function is given, let z = arctana and y = arctan 3. Therefore,
tanz = « and tany = 5.

tanz + tany
tan(x =
(@+y) 1 —tanztany
_o+b
1—ap
.. arctan ath = arctan o + arctan 8
1—ap

Because the formula for each factor is given and a formula for the sum must be found, inductive steps could
be utilized.

Base Case

The formula must satisfy for n = 1.

1 1
arctan — = arctan — = arctan
Z ) T
The base case is satisfied.
Induction
Lemma. If Zk Larctan o1y = arctan — 1 s true for some natural number i, then Z?;ll arctan o1z =
arctan (i(J:)lJ)rl is also true.
Proof.
an 1 1
arctan — = arctan — + arctan ——
3t = 3 wtan g 4wt
= arctan —|— arctan —————
2(i+1)2

2(i+1)i+1
. fEu) 2(7,+1 — arct 2(i+1)2
arctan = arctan 72(7;_’_1)3_1,
i

1 2(z+1)2 20+

2(i+1)3—1 1 3 _
I 2(i+1)

= arctan

243 —1-62 +5i+2 213 4+ 642 + 55 + 2

= arctan

arctan (mﬂ lH) — arctan ((i + D20+ i+ 1))
(
(

2—1—2)

By induction, the equation ZZ:I arctan 5757 = arctan —= is true.

2k +1

1)( 1 1 i+ 1)(262 +2i+ 1 i+ 1)(26% +2i + 1
it ZJF )ZJF ) = arctan (hL )(Z tat ) = arctan (ZJF )(Z * Z,Jr )
(i42)(2i2+2i+1)

)



