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Basic Trigonometric Identities

sin? 6 + cos?6 =1

.2 2
0 0
wélJrcotzf):cchH

sin? @
. 2
st—l—izcosH = tan?6 + 1 = sec’
cos? 6
sin(27 + 6) = sin 6 sin(—6) = —sin 6
cos(2m + 0) = cos 6 cos(—0) = cos b
tan(m + 6) = tan 6 tan(—0) = —tand
sin(m — 0) = sin 6 sin (X — ) = cos®
cos(m — 6) = —cos cos (3 — ) =sin6
tan(mr — 6) = —tan tan (3 — 0) = =15
Example.
Calculate (1 — sin® 0)(1 + tan?0).
Solution

(1 —sin®0)(1 +tan? @) = 1 4 tan®§ — sin® @ — sin® f tan? @
= sec? § — sin? (1 + tan? 0)
= sec? @ — sin? fsec? 0
=sec?f(1 — sin? 9)
=sec? 0 - cos® 0

=[1]
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Example. Prove that
1+tan6f 1+ 2sin6cos6

1—tanf  cos26 —sin?6

Proof.
1+tanf 1+ ig;g
1—tanf 11— %
cosf +sin 6

cosf +sinf cosf + sin 6

cosf —sinf cosf +sinf

cos? 0 + 2sin 6 cos 0 + sin? 6
cos2 f — sin? 6

1+ 2sinfcosé

cos? § — sin? 6

Example. Let sinf + cosf = % Compute

sin® 0 + cos® 6.

Solution
. 5 1
(sinf 4 cos ) = 1
1
sin? @ + 2sin 6 cos @ 4 cos® 6 = 1
3
2sinfcosf = ——
sin 6 cos 1

3
infcosf = —=
S ¢ cos 3

sin® @ + cos® 6 = (sin? 0) 4 (cos? 6)3
= (sin? @ + cos? 0)® — 3sin® O cos® A(sin” O 4 cos? )

=1—3sin20cos’ 6

ees ()
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Example. Let sinf + cosf = % Compute

Solution

cos 6

1 tan 6 + L
tan?6 )

1
(sin @ + cos 0)* = 9
1
1—|—2sin900s0=§
4
sinfcosf = ——
9
tang + 1 1 sin9+00529
tan26 /)  cosf \cosf = sin?@

sin 6 cosf
cos?f = sin?6
sin® 0 + cos3
sin? 0 cos? 0
1 4
(3) (1+3)

(—)°

Example. If the roots of the equation: 4x? — 4dpx + p?> — 2 are sin@ and cos@, then find the value of p.

Solution

sinf + cosf = p

sinfcos @ =
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1

Example. Find the parent equation whose roots are tan and —— given that sin6 cos = —%.

Solution

2 —(a+b)x+ab=0

sinf  cosf

b:
at cosf  siné
_ 1
" sinfcos b
=-2
ab=1

224+224+1=0

Example. Ifsinf + cosf = %, find the parent equation whose roots are sin® 6 and cos® 0.
Solution
. s 1
(sin@ + cos )= = 3

1
infcosh = —~
S1n ¢ CoS 1

sin® 0 + cos® 6 = (?) (1 + i)

5v/2
8

1
i3 3
0 0 - ——
S COs 6
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Example. Find the value of tan6 if 1 + sin? 6 = 3sin 6 cos 6.
Solution
1 +sin?6 = 3sinf cos
2sin? 6 4 cos? § = 3sinf cos
2tan’0 + 1 = 3tanf
(2tanf — 1)(tanf — 1) =0

sStanf=|=-orl
2

Example. Compute

59 37 . 26 11
cos —m-tan—m +sin | ——x ) - tan —m.
6 6 3 4

Solution

50 BT (26
COS — -tan — sm | —— - tan —
6 6 37 1"

1 1 . 2 3
=cos—-m-tan—m —sin| -7 | -tan -7
6 6 3

4
= ¢cos 30° - tan 30° + cos 30° 1
B tan 45°
1 3
1.
2 2
143
2
Example. Find the value of cos (mr + %) if n is an integer.
Solution
n is Even
—1)" -1 2k
Cos mr—l—( )" = cos 2k7r+u
3 3
T
= cos (5)
_ 1
2
n is Odd
—1)" 1 2k+1
cos (mr + ( 3) 7T> = cos ((2k + )7+ ()%
= cos (77 — Z)
B 3
_ 1
2
(=)™ 1
. =4
.. CoSs <n7r + 3 5
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Example. For a right triangle NABC, let AD = DE = EB, AD = cosf +sinf, and AE = cosf — sinf.
Find the length of BC.

C

Solution

First, using the properties of congruent triangles, draw the dotted lines.

A i : B

Let AB = 3a and AC = 3b. Using Pythagorean Theorem, it is evident that 4a® + b%> = 1 — 2sinf cos 6 and
a® 4+ 4b?> = 1 + 2sinfcosf. In other words, a® + b2 = %

.BC=9-

(S0 )
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Example. If the point (a +cosf, 5 + sin 6) is in the circle 2% + y? = 4, find the range of value a.

Solution

Let the point (a + cos6, % + sinf) be (z,y).

The situation could be graphed.

T —a=cosb

Using the distance formula,

y—%:sin@
2
e p-3)
), 0) .
2
o= e () <
2
oz (3) <
2
4
0<a®<—
_CL_5




