Enoch Yu

Irreducible Polynomials
Fx) = f(x) - Q(z) + R(x)
The Degree of R(x) < The Degree of f(z) ALWAYS!!

F
Often manipulated as nc?f = Q(x).

Problem

Let a > 0, and let P(z) be a polynomial with integer coefficients such that P(1) = P(3) = P(5) = P(7) = a,
and P(2) = P(4) = P(6) = P(8) = —a. What is the smallest possible value of a?

Solution
Key Word Irreducible Polynomials

Hmm.. What can we do?
First, let’s try writing the equations.

Now, why don’t we try substituting diverse z values in an equation?

P(1) = (=1)(=3)(-5)(-NQ'(1) —a=a
PE)=1)(-D(=3)(-5)Q'(3) —a=a
P5)=@)M)(1)(-3)Q'(5) —a=a
PN =06)EMEEHQ(T) —a=a

- 105Q'(1) = —15Q'(3) = 9Q'(5) = —15Q'(7) =

Notice that @ must be a positive integer because P(x) consists of integer coefficients!! In another words, the
possible values for 2a are the multiples of LCM (105,15,9), which is 315. However, because a must be an
integer, the smallest possible value of a is . O]
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Problem

Let P(z) be a polynomial with integer coefficients such that P(1) = P(3) = P(5) = P(7) = 315, and
P(2) = P(4) = P(6) = P(8) = —315. What is P(x) with the smallest leading degree?

Solution
Key Word Irreducible Polynomials
First, let’s try writing an equation for P(x).
P(z) = (x —2)(x —4)(z — 6)(x — 8)Q(z) — 315

Next, why don’t we substitute known values?

P(1) = 105Q(1) = 630
P(3) = —15@(3) =630
P(5) = 9Q(5) = 630

P(7) = —15Q(7) = 630

Here, we know that Q(3) = Q(7) = —42. Therefore, the following equation could be written.
Qz) = (z = 3)(z - Q' (z) — 42
By utilizing P(1) = 630 and P(5) = 630, we could further gain information.

105(12Q' (1) — 42) = 630
9(—4Q’(5) — 42) = 630

In order for P(z) to have least degree, Q’(x) must have least degree. In other words, Q'(z) = —8x + 12.

| P@) = (2= 2)(@ - (@ - 6)(z - 8){(x — 3)(x — T)(~8z +12) — 42} — 315
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Problem
For certain real numbers a, b, and ¢, the polynomial
g(x) =2* +ax? +x +10
has three distinct roots, and each root of g(x) is also a root of the polynomial
f(z) = 2* 4+ 2% + ba? + 100z + c.
What is f(1)?
Solution

Key Word Vieta’s Formula

The problem told us that the following expression is true.

f(@) =g(x) - (x—r4)
Moreover, using Vieta’s Formula, we can get our information!

ry+1ro+1r3=—a
rire +rirg +1rorg =1

rirorg = —10

’I”1—|—’I"2—|—T‘3+T4= —1
rirg+ .- +r3rg =25
71793 + -+ - + rorgry = —100

r171roT3Ty — C

Using the information above, let’s try writing b, ¢, and r4 in different ways.

b=1—-ary
c= —10ry
rg=a—1

rg = =90 (" rirars + r4(rir2 + 1173 + 12173) = —10 + 14 = —100

coa=—89,b= —8009, c =900

F(1) =1+1+b+100+ c=|-7007



