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Lucas’s Theorem

Theorem. For arbitrary prime p and natural number n > i, if no)y = MpMm—_1 - SN0 () and 110y =
Tndm—1 - - .ilio(p) with possible leading zeros, then

H n; Cij (mOd p)

=0

Proof.

Lemma 0.1. (a+b)? =a? + b (mod p) V prime p and a,b € Z.

Proof. In modular arithmetic, the Freshman’s Dream, which states that (a + b)? = a? + b? is not necessarily
false. To generalize, the statement (a + b)™ = a™ + b™ may be true in clock arithmetic.

Using binomial expansion, it is evident that
(a+b)P = ,CoaPt°’ + ,Cra? b + -+ + ,Cp_1a* P~ + ,Cpa’bP
Lemma 0.1. p|,C, V0 <n <p.

Proof. Let a natural number N = ,C),. N is also equal to C However, because (p — n)! and n! are

p!
p—n)in!’
both less than prime p, the factor p remains in the denominator when simplified. Thereby, p is a factor in
N, or ,C,,. O

c(a+b)P = ,C00aPb° + ,CraP b + -+ ,Cpqa P+ ,Cpa’?  (mod p)
»CoaPt’ + ,CLa’b?  (mod p)

=a’ + b (mod p)

Corollary 0.1.1. (1 +z)?" =1+ 2? (mod p) V prime p and x,r € N.
Proof. Let a =1 and b = .

(I1+z)’=17+2 (mod p)
=142 (mod p)

By exploiting the properties of expansions of the terms, the following conclusion may be driven. Except the
first and the last terms, all the terms in between will include ,C), for 0 < n < p.

(142" = (1 4+ (mod p)
=142 (mod p)

Let r =k + 1 for clarity.
(142 =142  (mod p)

Let n = ny,p™ +n' and @ = i,,p™ + ¢’ by manipulating the base system for n and i.
(1+2)?" =142 (mod p) (By Corollary 0.0.1.1)
m\ m m
((1 + )P ) =(1+2a” )" (mod p) (By property of Modular Arithmetic)
(1+2)" - ((1 + x)p”‘) "=1+2)" (1+2")"  (mod p)

(14+z)"=1+2)" - (1+2")" (mod p)
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Using binomial expansion, it is evident that the following equations are true.

O

Using property of Modular Arithmetic,

n’ / Nm
1+2)" = Z (Tli)xk : Z (nm> 2P (mod p)
k=0 j=o \J
Each term is in the form of (’;C/)xk (n;.“)wjpm, or (7;6/) (”}”)wkﬂpm.l
The following expression provides the sum of the coefficient of x*.
Z n’ Nm
= Nk
k4ipm=i'+imp™

. / . om . . . . om . . m
The reason is because (7)) ("j’f”)xkﬂp provides every possible terms with 277" | Thus, replacing z*+/P" =

2 leads to selected term(s) with 2. The term(s) simply does not exist if z¥7/P" = 27 cannot be true. Recall
1 =14 +14,,p™. Thereby, the expression above provides the coefficient of z*.

The pair(s) of (k, j) that satisfy the equation k + jp™ = i’ + 4,,p" must be found.
k—i/+(j_im)pmzo

Due to property of combinations, it is evident that ¥ < n’ and j < n,,. For k < n/, recall that n’ =
nop® + nipt + -+ + Nyp—_1p™ 1. The maximum of n’ is when ng,n1,...Nm_1 are maximum, or p — 1. In
another words,

max(n') = (p—1)p" + (p = 1)p" + -+ (0 — 1)pm—1
=(@-1)@°+p' +...p"")
P

Because max(n') < p™, n’ < p™.

For j < n,,, Using the properties of base number representation, it is evident that j < p because n,,, < p. [

Example

Problem Math Virus School has a total of 4 classes, and each class contains a certain number of viruses:
1246, 896, 4050, and 7547 viruses, respectively. Every virus from all the classes leaves its class and selects
one hat from 58 distinct hats, each differing in shape and color. After making a selection, the viruses return
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to their respective classes. Let the remainder when the total number of possible selections is divided by 7
be r7, and the remainder when it is divided by 3 be r3. Find the value r;r3.

Key Word Lucas’s Theorem, Stars and Bars, Modular Arithmetic Properties

Let stars represent the number of viruses in each class for each case. If 57 bars are used, the number
of cases in which each virus choose one hat in each class could be obtained.

896

1246 Stars, 57 Bars | 896 Stars, 57 Bars | 4050 Stars, 57 Bars | 7547 Stars, 57 Bars

(1246457)! (896+57)! (4050+57)! (T5AT+57)!
12461571 8061571 10501571 7547157
= 1303Cs7 = 953C57 = 4107Cs7 = 7604C57

The total probability is 1303C57 - 953C57 - 4107C57 - 7604Cs7

Finding remainder when a number involving multiplication of combinations is divided by an integer re-
minds Lucas’s Theorem.

Applying Lucas’s Theorem for r7;
5710y = 1117y
130310y = 3542(7)
953(10) = 2531(7)
410710y = 146557
760410y = 311117

Lucas’s Theorem is applied to find 7.
1303C57 = 3C0 - 5C1 - 4Cy - 2C1 (mod 7)
=1-5-4-2 (mod?7)
=40 (mod 7)
=5 (mod 7)
=9C)-5C - 3C1 -1C1 (mod 7)
=1-5-3-1 (mod?7)
=15 (mod 7)
=1 (mod7)

953C57

4107Cs7 = 1Co - 4Co - 6C1 - 5C1 - 5C1 (mod 7)
=1-1-6-5-5 (mod7)
=150 (mod 7)
=3 (mod7)

7604C57 = 3Ch - 1Co - 1C1 - 1C1 - 1C1 (mod 7)
=1-1-1-1-1 (mod 7)
=1 (modT7)

1303C57 - 953C57 - 4107Cs7 - 7604C57 =5-1-3-1  (mod 7)
=15 (mod 7)
=1 (mod7)
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sorr=1
Applying Lucas’s Theorem for r3

57(10) = 20103,
1303(19) = 12010213,
953(10) = 10220223,
410710y = 1112121003,
7604(10) = 1011021223,

1303057 = 1C0 - 2C0 - 0Co - 1C2 - 0Cp - 2C1 - 1Cp  (mod 3)
=1-1-1-0-1-2-1 (mod 3)
=0 (mod 3)

r3 =0 (" 1303C57 = 0 (mod 3))

T7'7’3:1'O:0

Conclusion r7 - r3 = @



